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Abstract
A geometric procedure is elaborated for transforming (pseudo) Rie-
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usual Finsler geometry, but on spacetimes enabled with nonholonomic
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tion structure. We also show how the Einstein equations can be writ-
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1
1 Introduction
The ideas presented in this article grew out of our attempts [1, 2, 3, 4] to
reformulate equivalently the Einstein gravity and generalizations as almost
Ka¨hler geometries in order to apply the deformation quantization methods
[5, 6, 7, 8] and elaborate quantum models of such spaces. The term ”quan-
tization” usually means a procedure stating a quantum model for a given
classical theory. One follows certain analogy with existing approaches to
quantum and classical mechanics and field theories. Such constructions in-
volve a great amount of ambiguity because quantum theories provide more
refined descriptions of physical systems than the classical ones. For grav-
ity and gauge theories, this is related to a set of unsolved yet fundamental
mathematical problems in nonlinear functional analysis and noncommuta-
tive geometry.
A deeper level of description of quantum systems connected to a con-
sistent quantization formalism manifests itself in extra geometric structures
to be defined on a generalized phase space. For instance, a symplectic con-
nection and related Poisson structures, which are not restricted to classical
dynamics, become key ingredients of geometric quantum theories. The exist-
ing examples of deformation quantization of gravity and matter fields involve
more ”rigid” geometric structures (like metric and nonlinear and linear con-
nections, torsions, almost complex structures etc). Different choices for such
structures lead, in general, to inequivalent quantizations on the same phase
space, a typical feature of nonlinear theories.
This work was stimulated in part by many attempts to apply deformation
quantization to generalized Poisson structures, gravity and string theory.
Here we mention some approaches and emphasize the following key ideas
and results:
A formal scheme proposing a unification of the four dimensional Einstein
gravity and quantum mechanics was proposed, which resulted in loop quan-
tum gravity (LQG) and spin network theory, see comprehensive reviews in
[9, 10, 11]. We also cite a discussion [12] on alternative approaches following
methods which differ from those proposed in string theory [13, 14, 15], which
aim to formulate a unified higher dimensional theory of interactions. The
background free LQG originated from a canonical formulation of general
relativity, based on ADM 3+1 decomposition and the Palatini formalism
(see a review of results in [16]), and Ashtekar’s connection dynamics with a
relatively simple Hamiltonian constraint and further modifications.
However, the attempts to quantize nonlinear field theories, including dif-
ferent models of gravity, were oriented not only to the canonical quantum
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gravity and/or LQG but also to alternative methods of geometric quan-
tization. The fundamental works [17, 18, 19] preceding the Fedosov and
Kontsevich approaches [5, 6, 7, 8] should also be mentioned. In Ref. [20], a
deformation quantization for self–dual gravity formulated in Pleban´ski (self–
dual) variables was considered. A variant of deformation (Moyal) quanti-
zation for general constrained Hamiltonian systems was introduced in [21].
It was shown in [21] how second class constraints can be turned into first
class quantum constraints. The conditions pointing to existence of anoma-
lies were derived and it was analyzed how some kinds of anomalies can be
removed. The conclusion was that the deformation quantization of pure
Yang–Mills theory is straightforward whereas gravity is anomalous. It was
also stated that in the ADM formalism of gravity, the anomaly is very com-
plicated and the equations picking out physical states become infinite order
functional differential equations. The Ashtekar variables remedy both of
these problems in 2+1 dimensions but not in 3+1 dimensions. Recently, the
deformation quantization was applied to linearized Einstein’s equations [22]
using the analogy with Maxwell equations.
There is a series of works by C. Castro oriented to deformation quanti-
zation of gravity for strings and membranes contained in higher dimensions
(in a sense, it is a realization of holographic idea): In Ref. [23], a geomet-
ric derivation of W∞ gravity based on Fedosov’s deformation quantization
of symplectic manifolds was elaborated. A holographic reduction of higher
dimensional gravity was attained [24] based on the result of Ref. [25] that
m+n dimensional Einstein gravity can be identified with an m–dimensional
generally invariant gauge theory of DiffsN (where N is an n–dimensional
internal manifold), which allowed a deformation of gravity via Moyal non-
commutative star products associated with the lower dimensional SU(∞)
gauge theory. In [26] it was argued how a quantization of four dimensional
gravity could be attained via a two dimensional quantum W∞ gauge theory
coupled to an infinite–component sacalar–multiplet. It was shown also how
strings and membranes actions in two and three dimensions emerge from
four dimensional Einstein gravity by using the nonlinear connection formal-
ism of Lagrange–Finsler and Hamilton–Cartan spaces (the formalism was
also recently considered in quantum gravity in Refs. [1, 2, 3], see also the
approaches with nonlinear connections to geometric mechanics [27, 28, 4]
and applications in modern commutative and noncommutative gravity and
string theories [30, 31]).
The present work belongs to a series of papers on Fedosov quantization
of nonholonomic manifolds and generalized Lagrange–Finsler and Einstein
spaces [1, 2, 3, 4, 29, 32]. Our main idea is to use such nonholonomic space-
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time decompositions (for four dimensions, stating 2+2 splitting), with asso-
ciated nonlinear connection (N–connection) induced by certain off–diagonal
metric coefficients, when almost symplectic structures can be defined natu-
rally for (pseudo) Riemannian spaces. Instead of the Levi–Civita connection,
it is convenient to work with another class of metric–compatible linear con-
nections adapted to the N–connection structure. Such connections are also
uniquely defined by the metric structure but contain some nontrivial torsion
components induced effectively by generic off–diagonal metric coefficients.
The formalism allows us to quantize similarly both the Lagrange–Finsler
and Einstein gravity. The final constructions can be redefined in terms of
the Levi–Civita connection.
In Ref. [2], we proved that the Einstein gravity can be lifted canonically
to the tangent bundle and transformed into an almost Ka¨hler structure
which can be quantized, for instance, following a generalization of Fedosov’s
method by Karabegov and Schlichenmaier [33]. It was emphasized that the
models of quantum gravity on tangent bundles (or effectively constructed
on higher dimension spacetimes) result in violation of local Lorentz symme-
try. In addition to tangent bundles (extra dimensions) quantum deformation
approaches to gravity, models with violated/restricted fundamental symme-
tries also present substantial interest in modern physics. In Ref. [3], we
argued that Einstein’s gravity can be quantized by nonholonomic deforma-
tions with effective generalized Lagrangians. This was done by transforming
(semi) Riemannian metrics and connections into equivalent (almost symplec-
tic) forms and connections adapted to a canonical N–connection structure
on the same manifold, when the local Lorentz symmetry is preserved both
for the classical and quantized models; see Ref. [3] for further details.
The aim of this work is twofold: First, to show how by nonholonomic
frame transforms any (pseudo) Riemannian metric and corresponding Levi–
Civita connection can be transformed into a canonical metric and nonlinear
and linear connection structures for a Lagrange or Finsler geometry. We
will also develop a technique for constructing an effective regular Lagrangian
generated from a general metric structure with a formal 2+2 spacetime de-
composition. Second, to prove that such effective Lagrange–Finsler spaces
can be equivalently written in terms of an almost Ka¨hler geometry. It is also
analyzed how quantum properties of gravitational fields and motion equa-
tions are encoded into the 2–forms related the Chern–Weyl cohomological
forms.
The work is organized as follows:
In section 2, we prove that any (pseudo) Riemannian metric can be
represented in a form similar to canonical metrics in Lagrange or Finsler
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geometry by the corresponding frame transform. We provide an analo-
gous re–formulation of metric and frame variables from Einstein’s gravity
in Lagrange–Finsler type variables with an effective Lagrange or Finsler
generating function defining a canonical 2+2 splitting of four dimensional
spacetimes.
Section 3 is devoted to almost Ka¨hler models of (pseudo) Riemannian
and Lagrange spaces. Canonical almost symplectic forms and connections
can be generated both by the metric structure and a nonholonomic distri-
bution introduced on the original spacetime. We discuss the similarity and
differences of fundamental geometric objects for the approaches with 3 + 1
fibrations and 2 + 2 nonholonomic splittings in gravity theories.
The Fedosov’s operators are generalized in section 4 for nonholonomic
manifolds and almost Ka¨hler structures defined by effective Lagrange, or
Finsler, fundamental functions on (pseudo) Riemannian manifolds.
In section 5, the main results on deformation quantization of almost
Ka¨hler geometries are reformulated for (pseudo) Riemannian nonholonomic
manifolds and related Lagrange–Finsler spaces. We show how the informa-
tion about Einstein’s equations is encoded into the zero–degree cohomology
coefficient of the correspondingly quantized Einstein’s manifolds.
Finally, in section 6, we conclude and discuss the results.
2 (Pseudo)Riemannian Spaces Modeling Lagran-
ge and Finsler Geometries
Let us consider a real (pseudo) Riemann manifold V 2n of necessary smooth
class; dimV 2n = 2n, where the dimension n ≥ 2 is fixed.1 We label the
local coordinates in the form uα = (xi, ya), or u = (x, y), where indices
run values i, j, ... = 1, 2, ...n and a, b, ... = n + 1, n + 2, ..., n + n, and xi
and ya are respectively the conventional horizontal / holonomic (h) and
vertical / nonholonomic coordinates (v). For the local Euclidean signature,
we consider that all local basis vectors are real but, for the pseudo–Euclidean
signature (−,+,+,+), we introduce ej=1 = i∂/∂x
1, where i is the imaginary
unity, i2 = −1, and the local coordinate basis vectors can be written in the
form eα = ∂/∂u
α = (i∂/∂x1, ∂/∂x2, ..., ∂/∂xn, ∂/∂ya).2 The Einstein’s rule
on summing up/low indices will be applied unless indicated otherwise.
1for constructions related to Einstein’s gravity 2n = 4
2for simplicity, we shall omit to write in explicit form the imaginary unity considering
that we can always distinguish the pseudo–Euclidean signature by a corresponding metric
form or a local system of coordinates with a coordinate proportional to the imaginary unit
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Any metric on V 2n can be written as
g = gij(x, y) e
i ⊗ ej + hab(x, y) e
a ⊗ eb, (1)
where the dual vielbeins (tetrads, in four dimensions) ea = (ei, ea) are
parametrized as
ei = eii(u)dx
i and ea = eai(u)dx
i + eaa(u)dy
a, (2)
for eα = ∂/∂u
α = (ei = ∂/∂x
i, ea = ∂/∂y
a) and eβ = duβ = (ej =
dxj , dyb) being, respectively, any fixed local coordinate base and dual base.
One can also consider coordinate transforms such as uα
′
= uα
′
(uα) =(
xi
′
(uα), ya
′
(uα)
)
.
Proposition 2.1 Any metric g (1) can be expressed in the form
gˇ = gˇi′j′(x, y) eˇ
i′ ⊗ eˇj
′
+ hˇa′b′(x, y) eˇ
a′ ⊗ eˇb
′
, (3)
where eˇi
′
= δi
′
i dx
i and eˇa
′
= δa
′
a(u)dy
a + Nˇa
′
i (u)dx
i for
hˇa′b′(u) =
1
2
∂2L(xi
′
, yc
′
)
∂ya′∂yb′
, (4)
Nˇa
′
i (u) =
∂Ga
′
(x, y)
∂yn+j
, (5)
where δi
′
i is the Kronecker symbol, gˇi′j′ = hˇn+i′ n+j′ and hˇ
ab is the inverse
of hˇa′b′ , for det |hˇa′b′ | 6= 0 and
2Ga
′
(x, y) =
1
2
hˇa
′ n+i
(
∂2L
∂yi∂xk
yn+k −
∂L
∂xi
)
, (6)
where i, k = 1, 2, ...n.
Proof. Let us fix a generating real function L(xi
′
, yc
′
), called effective
Lagrangian, and compute the values (4), (6) and (5), i.e., let’s define the
coefficients of metric (3) with respect to the local coordinate basis duα =
(dxi, dya). Then we introduce the vielbein coefficients (2) in (1) and regroup
the coefficients with respect to duα = (dxi, dya). Both formulas (1) and (3)
define the same metric structure, i.e., g = gˇ, if the following conditions are
satisfied
gije
i
ie
j
j = gˇij , habe
a
ae
b
b = hˇa′b′δ
a′
aδ
b′
b, habe
a
ie
b
j = hˇa′b′Nˇ
a′
i Nˇ
b′
j. (7)
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In four dimensions, n = 2, we have an algebraic system of 6 equations (7) for
12 unknown variables eii, e
a
i and e
a
a, for gˇi′j′ , hˇa′b′ and Nˇ
a′
a prescribed by L.
Such a system can be solved in order to find the 10 independent coefficients
of any g = {gαβ} (if this metric is a solution of the Einstein equations,
there are only 6 independent coefficients, because of the Bianchi identities;
four of the metric coefficients can be transformed to zero by use of the
corresponding coordinate transforms). To build inverse constructions, we
can prescribe the coefficients gαβ by taking any effective generating function
L(xi
′
, yc
′
) when the system (7) has nontrivial solutions (for simplicity, we
can consider only real vielbeins and local coordinate bases adapted to the
spacetime signature). 
By a straightforward computation one proves:
Lemma 2.1 Considering L from (4) and (6) to be a regular Lagrangian,
we have that the Euler–Lagrange equations
d
dτ
(
∂L
∂yi
)
−
∂L
∂xi
= 0, (8)
where yi = yn+i = dx
i
dτ
for xi(τ) depending on the parameter τ . The above
Euler–Lagrange equations are equivalent to the “nonlinear” geodesic equa-
tions
d2xi
dτ2
+ 2Gi(xk,
dxj
dτ
) = 0 (9)
defining the paths of a canonical semispray S = yi ∂
∂xi
− 2Ga(x, y) ∂
∂ya
, for
Ga given by equations (6).
The Lemma motivates:
Definition 2.1 A (pseudo) Riemannian space with metric g (1) is modelled
by a mechanical system with regular effective Lagrangian L if there is a
nontrivial frame transform defined by any ei i, e
a
i and e
a
a when g = gˇ (3).
Inversely, we say that a regular mechanical model with Lagrangian L
and Euler–Lagrange equations (8) is geometrized in terms of a (pseudo)
Riemannian geometry with metric g (1) if L is a generating function for (4),
(6) and (5), when g = gˇ (3) and the nonlinear geodesic equations (9) are
equivalent to (8).
Any equivalent modelling of regular mechanical systems as (pseudo) Rie-
mannian spaces introduces additional geometric structures on a manifold
V 2n.
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Definition 2.2 A nonlinear connection (N–connection) N on V 2n is de-
fined by a Whitney sum (nonholonomic distribution)
T (V 2n) = h(V 2n)⊕ v(V 2n), (10)
splitting globally the tangent bundle T (V 2n) into respective h– and v–subspac-
es, h(V 2n) and v(V 2n), given locally by a set of coefficients Nai (x, y) where
N =Nai (x, y)dx
i ⊗
∂
∂ya
.
We note that a subclass of linear connections is defined by Nai = Γ
a
b (x)y
b.
Having prescribed on a V2n a N–connection structure N = {Naj }, we
can define a preferred frame structure (with coefficients depending linearly
on Naj ) denoted eν = (ei, ea), where
ei =
∂
∂xi
−Nai (u)
∂
∂ya
and ea =
∂
∂ya
, (11)
with dual frame (coframe) structure eµ = (ei, ea), where
ei = dxi and ea = dya +Nai (u)dx
i, (12)
satisfying nontrivial nonholonomy relations
[eα, eβ ] = eαeβ − eβeα =W
γ
αβeγ (13)
with (antisymmetric) anholonomy coefficients W bia = ∂aN
b
i and W
a
ji = Ω
a
ij.
Here boldface symbols are used for the spaces with N–connection struc-
ture and for the geometric objects adapted (N–adapted) to the h– and
v–splitting (10). We can perform N–adapted geometric constructions by
defining the coefficients of geometric objects (and associated equations) with
respect to noholonomic frames of type (11) and (12). The N–adapted ten-
sors, vectors, forms, etc., are called respectively distinguished tensors, etc.,
(in brief, d–tensors, d–vectors, d–forms, etc.). For instance, a vector field
X ∈ TV2n is expressed as X = (hX, vX), or X = Xαeα = X
iei + X
aea,
where hX = Xiei and vX = X
aea state, respectively, the horizontal (h) and
vertical (v) components of the vector adapted to the N–connection structure.
Proposition 2.2 Any effective regular Lagrangian L, prescribed on V2n,
defines a canonical N–connection structure Nˇ = {Nˇa
′
i (u)} (5) and preferred
frame structures eˇν = (eˇi, ea′) and eˇ
µ = (ei, eˇa
′
).
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Proof. The proposition can be proved by straightforward computations.
The coefficients Nˇa
′
i satisfy the conditions of Definition 2.2. We define eˇν =
(eˇi, ea) and eˇ
µ = (ei, eˇa) in explicit form by introducing Nˇa
′
i , respectively,
in formulas (11) and (12).
Similar constructions can be defined for L = F2(x, y), where an effective
Finsler metric F is a differentiable function of class C∞ in any point (x, y)
with y 6= 0 and is continuous in any point (x, 0); F(x, y) > 0 if y 6= 0; it
satisfies the homogeneity condition F(x, βy) = |β|F(x, y) for any nonzero
β ∈ R and the Hessian (4) computed for L = F2 is positive definite. In
this case, we can say that a (pseudo) Riemannian space with metric g is
modeled by an effective Finsler geometry and, inversely, a Finsler geometry
is modeled on a (pseudo) Riemannian space. Such ideas were considered,
for instance, in Ref. [28] for Lagrange and Finsler spaces defined on tangent
bundles. In Ref. [31], we model such geometries on (pseudo) Riemannian
and Riemann–Cartan spaces endowed with nonholonomic distributions.
Definition 2.3 A (pseudo) Riemannian manifold V2n is nonholonomic (N-
-anholonomic) if it is provided with a nonholonomic distribution on TV 2n
(N–connection structure N).
We formulate the first main result in this paper:
Theorem 2.1 Any (pseudo) Riemannian space can be transformed into a
N–anholonomic manifold V2n modeling an effective Lagrange (or Finsler)
geometry by prescribing a generating Lagrange (or Finsler) function L(x, y)
(or F(x, y)).
Proof. Such a proof follows from Propositions 2.1 and 2.2 and Lemma
2.1. It should be noted that, by corresponding vielbein transforms eii, e
a
i
and eaa, any metric g with coefficients defined with respect to an arbitrary
co–frame eµ, see (1), can be transformed into canonical Lagrange (Finsler)
ones, gˇ (3). The gˇ coefficients are computed with respect to eˇµ = (ei, eˇa),
with the associated N–connection structure Nˇa
′
i , all defined by a prescribed
L(x, y) (or F(x, y)).
Finally, it should be noted that considering an arbitrary effective La-
grangian L(x, y) on a four dimensional (pseudo) Riemannian spacetime and
defining a corresponding 2 + 2 decomposition, local Lorentz invariance is
not violated. We can work in any reference frame and coordinates, but the
constructions adapted to the canonical N–connection structure and an anal-
ogous mechanical modeling are more convenient for developing a formalism
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of deformation quantization of gravity following the appropriate methods
for Lagrange–Finsler and almost Ka¨hler spaces.
3 Almost Ka¨hler Models for (Pseudo) Rieman-
nian and Lagrange Spaces
The goal of this section is to prove that for any (pseudo) Riemannian metric
and n+n splitting we can define canonical almost symplectic structures. The
analogous mechanical modeling developed in previous sections is important
from two points of view: Firstly, it provides both geometric and physical
interpretations for the class of nonholonomic transforms with n+n splitting
and adapting to the N–connection. Secondly, such canonical constructions
can be equivalently redefined as a class of almost Ka¨hler geometries with
associated N–connection when certain symplectic forms and linear connec-
tion structures are canonically induced by the metric g(x, y) and effective
Lagrangian L(x, y) on V2n.
3.1 Canonical Riemann–Lagrange symplectic structures
Let eˇα′ = (eˇi, eb′) and eˇ
α′ = (ei, eˇb
′
) be defined respectively by (11) and
(12) for the canonical N–connection Nˇ stated by a metric structure g = gˇ
on V2n. We introduce a linear operator Jˇ acting on tangent vectors to V2n
following formulas Jˇ(eˇi) = −en+i and Jˇ(en+i) = eˇi, where the index a
′ runs
values n + i for i = 1, 2, ...n and Jˇ ◦ Jˇ = −I for I being the unity matrix.
Equivalently, we introduce a tensor field on V2n,
Jˇ = Jˇαβ eα ⊗ e
β = Jˇ
α
β
∂
∂uα
⊗ duβ
= Jˇα
′
β′ eˇα′ ⊗ eˇ
β′ = −en+i ⊗ e
i + eˇi ⊗ eˇ
n+i
= −
∂
∂yi
⊗ dxi +
(
∂
∂xi
− Nˇn+ji
∂
∂yj
)
⊗
(
dyi + Nˇn+ik dx
k
)
.
It is clear that Jˇ defines globally an almost complex structure on V2n com-
pletely determined by a fixed L(x, y). Using vielbeins eαα and their duals
e
α
α , defined by eii, e
a
i and e
a
a as a solution of (7), we can compute the coeffi-
cients Jˇ with respect to any local basis eα and e
α on Vn+n, Jˇαβ = e
α
αJˇ
α
βe
β
β .
In general, we can define an almost complex structure J for an arbitrary
N–connection N by using N–adapted bases (11) and (12), not necessarily
induced by an effective Lagrange function.
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Definition 3.1 The Nijenhuis tensor field for any almost complex structure
J determined by a N–connection (equivalently, the curvature of N–connecti-
on) is defined as
JΩ(X,Y) = −[X,Y] + [JX,JY]− J[JX,Y]− J[X,JY], (14)
for any d–vectors X and Y.
With respect to N–adapted bases (11) and (12) the Neijenhuis tensor
JΩ = {Ωaij} has the coefficients
Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (15)
A N–anholonomic manifold V2n is integrable if Ωaij = 0. We get a complex
structure if and only if both the h– and v–distributions are integrable, i.e.,
if and only if Ωaij = 0 and
∂Naj
∂yi
−
∂Nai
∂yj
= 0.
Definition 3.2 An almost symplectic structure on a manifold V n+m,
dimV n+m = n+m, is defined by a nondegenerate 2–form θ = 12θαβ(u)e
α∧eβ.
We have
Proposition 3.1 For any θ on V n+m, there is a unique N–connection N =
{Nai } defined as a splitting TV
n+m = hV n+m ⊕ vV n+m, where indices
i, j, .. = 1, 2, ...n and a, b, ... = n+1, n+1, ...n+m. The function θ satisfies
the following conditions:
θ = (hX, vY) = 0 and θ = hθ + vθ, (16)
for any X = hX+ vX, Y = hY + vY and hθ(X,Y) + θ(hX,hY),
vθ(X,Y) + θ(vX,vY). Here the symbol ”+” means ”by definition”.
Proof. For X = eα = (ei, ea) and Y = eβ = (el, eb), where eα is a N–
adapted basis of type (11) of dimension n+m, we write the first equation in
(16) as θ = θ(ei, ea) = θ(
∂
∂xi
, ∂
∂ya
)−N bi θ(
∂
∂yb
, ∂
∂ya
) = 0. We can find a unique
solution form and define N bi if rank|θ(
∂
∂yb
, ∂
∂ya
)| = m. Denoting locally
θ =
1
2
θij(u)e
i ∧ ej +
1
2
θab(u)e
a ∧ eb, (17)
where the first term is for hθ and the second term is vθ, we get the second
formula in (16). We may consider the particular case in which n = m.
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Definition 3.3 An almost Hermitian model of a (pseudo) Riemannian spa-
ce V2n equipped with an N–connection structure N is defined by a triple
H2n = (V2n, θ,J), where θ(X,Y) + g (JX,Y) .
In addition, we have
Definition 3.4 A space H2n is almost Ka¨hler, denoted K2n, if and only if
dθ = 0.
If a (pseudo) Riemannian space is modeled by a Lagrange–Finsler geom-
etry, the second main result of this paper follows
Theorem 3.1 Having chosen a generating function L(x, y) (or F(x, y)) on
a (pseudo) Riemannian manifold V n+n, we can model this space as an almost
Ka¨hler geometry, i.e. Hˇ2n = Kˇ2n.
Proof. For g = gˇ (3) and structures Nˇ and Jˇ canonically defined by
L, we define θˇ(X,Y) + Jˇ
(
FˇX,Y
)
for any d–vectors X and Y. In local
N–adapted form form, we have
θˇ =
1
2
θˇαβ(u)e
α ∧ eβ =
1
2
θˇαβ(u)du
α ∧ duβ (18)
= gˇij(x, y)eˇ
n+i ∧ dxj = gˇij(x, y)(dy
n+i + Nˇn+ik dx
k) ∧ dxj .
Let us consider the form ωˇ = 12
∂L
∂yn+i
dxi. A straightforward computation,
using Proposition 2.2 and N–connection Nˇ (5), shows that θˇ = dωˇ, which
means that dθˇ = ddωˇ = 0 and that the canonical effective Lagrange struc-
tures g = gˇ, Nˇ and Jˇ induce an almost Ka¨hler geometry. Instead of ”La-
grangian mechanics variables” we can introduce another type redefining θˇ
with respect to an arbitrary co–frame basis using vielbeins eαα and their du-
als e
α
α , defined by eii, e
a
i and e
a
a (7). So, we can compute θˇαβ = e
α
α e
β
β θˇαβ
and express the 2–form (18)as θˇ = 12 θˇij(u)e
i ∧ ej + 12 θˇab(u)eˇ
a ∧ eˇb, see (17).
The coefficients θˇab = θˇn+i n+j above are equal, respectively, to the coeffi-
cients θˇij and the dual N–adapted basis eˇ
α = (ei, eˇa) is elongated by Nˇaj (5).
It should be noted that for a general 2–form θ directly constructed from a
metric g and almost complex J structures on V 2n, we have that dθ 6= 0.
For a n + n splitting induced by an effective Lagrange (Finsler) generating
function, we have dθˇ = 0 which results in a canonical almost Ka¨hler model
completely defined by g = gˇ and chosen L(x, y) (or F(x, y)). 
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3.2 N–adapted symplectic connections
In our approach, we work with nonholonomic (pseudo) Riemannian man-
ifolds V2n enabled with an effective N–connection and almost symplectic
structures defined canonically by the metric structure g = gˇ and a fixed
L(x, y). In this section, we analyze the class of linear connections that can
be adapted to the N–connection and/or symplectic structure and defined
canonically if a corresponding nonholonomic distribution is induced com-
pletely by L, or F .
From the class of arbitrary affine connections on V2n, one prefers to
work with N–adapted linear connections, called distinguished connections (
d–connections).
Definition 3.5 A linear connection on V2n is a d–connection
D = (hD; vD) = {Γαβγ = (L
i
jk,
vLabk;C
i
jc,
vCabc)},
with local coefficients computed with respect to (11) and (12), which preserves
the distribution (10) under parallel transports.
For a d–connection D, we can define respectively the torsion and curva-
ture tensors,
T(X,Y) + DXY −DYX− [X,Y], (19)
R(X,Y)Z + DXDYZ−DYDXZ−D[X,Y]Z, (20)
where [X,Y] + XY − YX, for any d–vectors X and Y. The coefficients
T = {Tαβγ} and R = {R
α
βγτ} can be written in terms of eα and e
β by
introducing X → eα,Y → eβ,Z → eγ in (19) and (20), see Ref. [31] for
details.
Definition 3.6 A d–connection D is metric compatible with a d–metric g
if DXg = 0 for any d–vector field X.
If an almost symplectic structure is defined on a N–anholonomic mani-
fold, one considers:
Definition 3.7 An almost symplectic d–connection θD on V
2n, or (equiv-
alently) a d–connection compatible with an almost symplectic structure θ, is
defined such that θD is N–adapted, i.e., it is a d–connection, and θDXθ = 0,
for any d–vector X.
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We can always fix a d–connection ◦D on V
2n and then construct an
almost symplectic θD.
Example 3.1 Let us represent θ in N–adapted form (17). Having chosen a
◦D = {h ◦D = ( ◦Dk,
v
◦Dk); v ◦D = ( ◦Dc,
v
◦Dc)}
= { ◦Γ
α
βγ = ( ◦L
i
jk,
v
◦L
a
bk; ◦C
i
jc,
v
◦C
a
bc)},
we can verify that
θD = {h θD = ( θDk,
v
θDk); v θD = ( θDc,
v
θDc)}
= { θΓ
α
βγ = ( θL
i
jk,
v
θL
a
bk; θC
i
jc,
v
θC
a
bc)},
with
θL
i
jk = ◦L
i
jk +
1
2
θih ◦Dkθjh,
v
θL
a
bk =
v
◦L
a
bk +
1
2
θae v◦Dkθeb, (21)
θC
i
jc = θC
i
jc +
1
2
θih ◦Dcθjh,
v
θC
a
bc =
v
◦C
a
bc +
1
2
θae v◦Dcθeb,
satisfies the conditions θDkθjh = 0,
v
θDkθeb = 0, θDcθjh = 0,
v
θDcθeb = 0,
which is equivalent to θDXθ = 0 from Definition 3.7.
Let us introduce the operators
Θhijk =
1
2
(δhj δ
i
k − θjkθ
ih) and Θabcd =
1
2
(δac δ
b
d − θcdθ
ab), (22)
with the coefficients computed with respect to N–adapted bases (11) and
(12). By straightforward computations, one proves the following theorem.
Theorem 3.2 The set of d–connections sΓ
α
βγ = ( sL
i
jk,
v
sL
a
bk; sC
i
jc,
v
sC
a
bc),
compatible with an almost symplectic structure θ (17), are parametrized by
sL
i
jk = θL
i
jk +Θ
hi
jl Y
l
hk,
v
sL
a
bk =
v
θL
a
bk +Θ
ca
bd Y
d
ck, (23)
sC
i
jc = θC
i
jc +Θ
hi
jl Y
l
hc,
v
sC
a
bc =
v
θC
a
bc +Θ
ea
bd Y
d
ec,
where θΓ
α
βγ = ( θL
i
jk,
v
θL
a
bk; θC
i
jc,
v
θC
a
bc) is given by (21), the Θ–operators
are those from (22) and Yαβγ =
(
Y ijk, Y
a
bk, Y
i
jc, Y
a
bc
)
are arbitrary d–tensor
fields.
From the set of metric and/or almost symplectic compatible d–connecti-
ons on a (pseudo) Riemannian manifold V 2n, we can select those which
are completely defined by g and a prescribed effective Lagrange structure
L(x, y) :
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Theorem 3.3 There is a unique normal d–connection
D̂ =
{
hD̂ = (D̂k,
v D̂k = D̂k); vD̂ = (D̂c,
vD̂c = D̂c)
}
(24)
= {Γ̂αβγ = (L̂
i
jk,
vL̂n+in+j n+k = L̂
i
jk; Ĉ
i
jc =
vĈn+in+j c,
vĈabc = Ĉ
a
bc)},
which is metric compatible, D̂kgˇij = 0 and D̂cgˇij = 0, and completely defined
by g = gˇ and a fixed L(x, y).
Proof. First, we note that if a normal d–connection exists, it is com-
pletely defined by couples of h– and v–components D̂α = (D̂k, D̂c), i.e.
Γ̂αβγ = (L̂
i
jk,
vĈabc). Choosing
L̂ijk =
1
2
gˇih (eˇkgˇjh + eˇj gˇhk − eˇhgˇjk) , Ĉ
i
jk =
1
2
gˇih
(
∂gˇjh
∂yk
+
∂gˇhk
∂yj
−
∂gˇjk
∂yh
)
,
(25)
where eˇk = ∂/∂x
k+Nˇak ∂/∂y
a, Nˇak and gˇjk = hˇn+i n+j are defined by canon-
ical values (4) and (5) induced by a regular L(x, y), we can prove that this
d–connection is unique and satisfies the conditions of the theorem. Using
vielbeins eαα and their duals e
α
α , defined by eii, e
a
i and e
a
a satisfying (7),
we can compute the coefficients of Γ̂αβγ (24) with respect to arbitrary frame
basis eα and co–basis e
α on V n+m.
Introducing the normal d–connection 1–form Γ̂ij = L̂
i
jke
k + Ĉijkeˇ
k, for
ek = dxk and eˇk = dyk + Nˇki dx
k, we can prove that the Cartan structure
equations are satisfied,
dek − ej ∧ Γ̂kj = −T̂
i, deˇk − eˇj ∧ Γ̂kj = −
vT̂ i, (26)
and
dΓ̂ij − Γ̂
h
j ∧ Γ̂
i
h = −R̂
i
j. (27)
The h– and v–components of the torsion 2–form T̂ α =
(
T̂ i, vT̂ i
)
=
T̂ατβ eˇ
τ ∧ eˇβ and from (26) the components are computed
T̂ i = Ĉijke
j ∧ eˇk, vT̂ i =
1
2
Ωˇikje
k ∧ ej + (
∂Nˇ ik
∂yj
− L̂ikj)e
k ∧ eˇj , (28)
where Ωˇikj are coefficients of the curvature of the canonical N–connection
Nˇ ik defined by formulas similar to (15). Such formulas also follow from (19)
redefined for D̂α and eˇα, when the torsion T̂
α
βγ is parametrized as
T̂ ijk = 0, T̂
i
jc = Ĉ
i
jc, T̂
a
ij = Ωˇ
a
ij, T̂
a
ib = ebNˇ
a
i − L̂
a
bi, T̂
a
bc = 0. (29)
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It should be noted that T̂ vanishes on h- and v–subspaces, i.e. T̂ ijk = 0 and
T̂ abc = 0, but certain nontrivial h–v–components induced by the nonholo-
nomic structure are defined canonically by g = gˇ and L.
We can also compute the curvature 2–form from (27),
R̂τγ = R̂
τ
γαβ eˇ
α∧ eˇβ =
1
2
R̂ijkhe
k ∧ eh+ P̂ ijkae
k ∧ eˇa+
1
2
Ŝijcdeˇ
c∧ eˇd, (30)
where the nontrivial N–adapted coefficients of curvature R̂αβγτ of D̂ are
(such formulas can be proven also from (20) written for D̂α and eˇα)
R̂ihjk = eˇkL̂
i
hj − eˇjL̂
i
hk + L̂
m
hjL̂
i
mk − L̂
m
hkL̂
i
mj − Ĉ
i
haΩˇ
a
kj, (31)
P̂ ijka = eaL̂
i
jk − D̂kĈ
i
ja, Ŝ
a
bcd = edĈ
a
bc − ecĈ
a
bd + Ĉ
e
bcĈ
a
ed − Ĉ
e
bdĈ
a
ec.
If instead of an effective Lagrange function one considers a Finsler generating
fundamental function F2, similar formulas for the torsion and curvature of
the normal d–connection can also be found.
There is another very important property of the normal d–connection:
Theorem 3.4 The normal d–connection D̂ defines a unique almost sym-
plectic d–connection, D̂ ≡ θD̂, see Definition 3.7, which is N–adapted, i.e.
it preserves under parallelism the splitting (10), θD̂Xθˇ=0 and T̂
i
jk = T̂
a
bc = 0,
i.e. the torsion is of type (29).
Proof. Applying the conditions of the theorem to the coefficients (25),
the proof follows in a straightforward manner. 
It is pertinent to note that the normal d–connection Γ̂αβγ (24) is a N–
anholonomic analog of the affine connection KΓαβγ and Nijenhuis tensor
KΩαβγ with the torsion satisfying the condition
KTαβγ = (1/4)
KΩαβγ , as
considered in Ref. [33]. For trivial N–connection structures, by correspond-
ing frame and coordinate transforms, we can identify Γ̂αβγ with
KΓαβγ (we
used this property in our former works [1, 2, 3, 4]).
In this section, we proved that a N–adapted and almost symplectic Γ̂αβγ
can be uniquely defined by a (pseudo) Riemannian metric g if we prescribe
an effective Lagrange, or Finsler, function L, or F on V 2n. This allows us
to construct an analogous Lagrange model for gravity and, at the next step,
to transform it equivalently in an almost Ka¨hler structure adapted to a cor-
responding n + n spacetime splitting. For the Einstein metrics, we get a
canonical 2+ 2 decomposition for which we can apply the Fedosov’s quanti-
zation if the geometric objects and operators are adapted to the associated
N–connection.
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Definition 3.8 A (pseudo) Riemannian space is described in Lagrange–
Finsler variables if its vielbein, metric and linear connection structures are
equivalently transformed into corresponding canonical N—connection, La-
grange–Finsler metric and normal / almost symplectic d–connection struc-
tures.
It should be noted that former approaches to the canonical and quantum
loop quantization of gravity were elaborated for 3 + 1 fibrations and corre-
sponding ADM and Ashtekar variables with further modifications. On the
other hand, in order to elaborate certain approaches to deformation quan-
tization of gravity, it is crucial to work with nonholonomic 2 + 2 structures,
which is more convenient for certain Lagrange geometrized constructions and
their almost symplectic variants. For other models, the 3 + 1 splitting pre-
serves a number of similarities to Hamilton mechanics. In our approach, the
spacetime decompositions are defined by corresponding N–connection struc-
tures, which can be induced canonically by effective Lagrange, or Finsler,
generating functions. One works both with N–adapted metric coefficients
and nonholonomic frame coefficients, the last ones being defined by generic
off–diagonal metric coefficients and related N–connection coefficients. In the
models related to 3+ 1 fibrations, one works with shift functions and frame
variables which contain all dynamical information, instead of metrics.
We also discuss here the similarities and differences of preferred classes
of linear connections used for 3 + 1 and 2 + 2 structures. In the first case,
the Ashtekar variables (and further modifications) were proved to simplify
the constraint structure of a gauge like theory to which the Einstein theory
was transformed in order to develop a background independent quantization
of gravity. In the second case, the analogs of Ashtekar variables are gen-
erated by a canonical Lagrange–Finsler type metric and/or corresponding
almost symplectic structure, both adapted to the N–connection structure.
It is also involved the normal d–connection which is compatible with the
almost symplectic structure and completely defined by the metric structure,
alternatively to the Levi–Civita connection (the last one is not adapted to
the N–connection and induced almost symplectic structure). In fact, all
constructions for the normal d–connection can be redefined in an equivalent
form to the Levi–Civita connection (see below section 5.2 and Refs. [30, 31]),
or in Ashtekar variables, but in such cases the canonical 2 + 2 splitting and
almost Ka¨hler structure are mixed by general frame and linear connection
deformations.
Finally, it should be noted that in our approach we are inspired by a
number of results and methods from Finsler and Lagrange geometry. For
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instance, the original proofs that Finsler and Lagrange geometries are equiv-
alent to certain classes of almost Ka¨hler geometries with N–connection struc-
tures were obtained in Refs. [34, 35], see also reviews [27, 28, 31]. But those
constructions were elaborated for tangent bundles which are not related to
standard models of modern physics. Re–defining the constructions for non-
holonomic structures on classical and quantum spacetime models, we could
develop new important and effective methods from the geometry of nonholo-
nomic manifolds and apply them to deformation quantization of gravity.
4 Distinguished Fedosov’s Operators
The Fedosov’s approach to deformation quantization [5, 6] will be extended
for (pseudo) Riemannian manifolds V 2n endowed with an effective Lagrange
function L. The constructions elaborated in Ref. [33] will be adapted to the
canonical N–connection structure by considering decompositions with re-
spect to e˘ν = (e˘i, ea′) and e˘
µ = (ei, e˘a
′
) defined by a metric g (1). For sim-
plicity, we shall work only with the normal/ almost symplectic d–connection,
D̂ ≡ θD̂ (24), see Definition 3.7, but it should be emphasized here that we
can use any d–connection from the family (23) and develop a corresponding
deformation quantization. Usually, the proofs referring to constructions not
adapted to N–connections [33], and on Lagrange (Finsler) spaces related to
quantum gravity models on tangent bundles [2] will be sketched, while the
details can be found in the corresponding references. In this work, the for-
mulas are redefined on nonholonomic (pseudo) Riemannian manifolds mod-
eling effective regular mechanical systems and corresponding almost Ka¨hler
structures.
We introduce the tensor Λˇαβ + θˇαβ − i gˇαβ , where θˇαβ is the form (18)
with ”up” indices and gˇαβ is the inverse to gˇαβ stated by coefficients of
(3). The local coordinates on V2n are parametrized as u = {uα} and the
local coordinates on TuV
2n are labeled (u, z) = (uα, zβ), where zβ are fiber
coordinates.
The formalism of deformation quantization can be developed by using
C∞(V )[[v]], the space of formal series of variable v with coefficients from
C∞(V ) on a Poisson manifold (V, {·, ·}) (in this work, we deal with an almost
Poisson structure defined by the canonical almost symplectic structure).
One defines an associative algebra structure on C∞(V )[[v]] with a v–linear
and v–adically continuous star product
1f ∗ 2f =
∞∑
r=0
rC(
1f, 2f) vr, (32)
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where rC, r ≥ 0, are bilinear operators on C
∞(V ) with 0C(
1f, 2f) = 1f 2f
and 1C(
1f, 2f) − 1C(
2f, 1f) = i{ 1f, 2f}; i being the complex unity.
Constructions of type (32) are used for stating a formal Wick product
a ◦ b (z) + exp
iv
2
Λˇαβ
∂2
∂zα∂zβ[1]
 a(z)b(z[1]) |z=z[1] , (33)
for two elements a and b defined by series of type
a(v, z) =
∑
r≥0,|{α}|≥0
ar,{α}(u)z
{α} vr, (34)
where by {α} we label a multi–index. This way, we define a formal Wick
algebra Wˇu associated with the tangent space TuV
2n, for u ∈ V2n. It should
be noted that the fibre product (33) can be trivially extended to the space
of Wˇ–valued N–adapted differential forms Wˇ ⊗ Λ by means of the usual
exterior product of the scalar forms Λ, where Wˇ denotes the sheaf of smooth
sections of Wˇ. There is a standard grading on Λ denoted dega . One also
introduces gradings degv,degs,dega on W ⊗ Λ defined on homogeneous
elements v, zα, eˇα as follows: degv(v) = 1, degs(z
α) = 1, dega(eˇ
α) = 1, and
all other gradings of the elements v, zα, eˇα are set to zero. In this case, the
product ◦ from (33) on Wˇ⊗Λ is bigraded. This is written w.r.t the grading
Deg = 2degv +degs and the grading dega .
4.1 Normal Fedosov’s d–operators
The normal d–connection D̂= {Γ̂γαβ} (24) can be extended to operators
D̂ (a⊗ λ) +
(
eˇα(a)− u
β Γ̂
γ
αβ
z
eˇα(a)
)
⊗ (eˇα ∧ λ) + a⊗ dλ, (35)
on Wˇ ⊗ Λ, where z eˇα is eˇα redefined in z–variables. This operator D̂ is a
N–adapted dega–graded derivation of the distinguished algebra
(
Wˇ ⊗Λ, ◦
)
,
called d–algebra. Such a property follows from (33) and (35)).
Definition 4.1 The Fedosov distinguished operators (d–operators) δˇ and
δˇ−1 on Wˇ ⊗Λ, are defined
δˇ(a) = eˇα ∧ z eˇα(a), and δˇ
−1(a) =
{
i
p+qz
α eˇα(a), if p+ q > 0,
0, if p = q = 0,
(36)
where any a ∈ Wˇ ⊗Λ is homogeneous w.r.t. the grading degs and dega with
degs(a) = p and dega(a) = q.
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The d–operators (36) define the formula a = (δˇ δˇ−1+δˇ−1 δˇ+σ)(a), where
a 7−→ σ(a) is the projection on the (degs,dega)–bihomogeneous part of a of
degree zero, degs(a) = dega(a) = 0; δˇ is also a dega–graded derivation of the
d–algebra
(
Wˇ ⊗Λ, ◦
)
. In order to emphasize the almost Ka¨hler structure,
we used the canonical almost symplectic geometric objects defined by a fixed
L. Nevertheless, we can always change the ”Lagrangian mechanics variables”
and redefine θˇ, eˇα and Γ̂
γ
αβ with respect to arbitrary frame and co–frame
bases using vielbeins eαα and their duals e
α
α , defined by eii, e
a
i and e
a
a
satisfying (7).
We can provide a ”N–adapted” proof [33, 2] of
Proposition 4.1 The torsion and curvature canonical d–operators of the
extension of D̂ to Wˇ ⊗Λ, are computed
zT̂ +
zγ
2
θˇγτ T̂
τ
αβ(u) eˇ
α ∧ eˇβ, (37)
and
zR̂ +
zγzϕ
4
θˇγτ R̂
τ
ϕαβ(u) eˇ
α ∧ eˇβ , (38)
where the nontrivial coefficients of T̂ταβ and R̂
τ
ϕαβ are defined respectively
by formulas (29) and (31).
By straightforward verifications, it follows the proof of
Theorem 4.1 The properties[
D̂, δˇ
]
=
i
v
adWick(
zT̂ ) and D̂2 = −
i
v
adWick(
zR̂), (39)
hold for the above operators, where [·, ·] is the dega–graded commutator of
endomorphisms of Wˇ ⊗ Λ and adWick is defined via the dega–graded com-
mutator in
(
Wˇ ⊗Λ, ◦
)
.
The formulas (39) can be redefined for any linear connection structure
on V2n. For example, we consider how similar formulas can be provided for
the Levi–Civita connection.
4.2 Fedosov’s d–operators and the Levi–Civita connection
For any metric structure g on a manifold V2n, the Levi–Civita connection
▽ = { pΓ
α
βγ} is by definition the unique linear connection that is metric com-
patible (▽g = 0) and torsionless ( pT = 0). It is not a d–connection because
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it does not preserve the N–connection splitting under parallel transports
(10). Let us parametrize its coefficients in the form
pΓ
α
βγ =
(
pL
i
jk,p L
a
jk,p L
i
bk, pL
a
bk,pC
i
jb,pC
a
jb,pC
i
bc,pC
a
bc
)
, where
▽eˇk(eˇj) = pL
i
jkeˇi + pL
a
jkea, ▽eˇk(eb) = pL
i
bkeˇi + pL
a
bkea,
▽eb(eˇj) = pC
i
jbeˇi + pC
a
jbea, ▽ec(eb) = pC
i
bceˇi + pC
a
bcea.
A straightforward calculation shows that the coefficients of the Levi–Civita
connection can be expressed as
pL
a
jk = −Ĉ
i
jbgˇikgˇ
ab −
1
2
Ωˇajk, pL
i
bk =
1
2
Ωˇcjkgˇcbgˇ
ji − ΞihjkĈ
j
hb, (40)
pL
i
jk = L̂
i
jk, pL
a
bk = L̂
a
bk +
+Ξabcd
◦Lcbk, pC
i
kb = Ĉ
i
kb +
1
2
Ωˇajkgˇcbgˇ
ji + ΞihjkĈ
j
hb,
pC
a
jb = −
+Ξadcb
◦Lcdj, pC
a
bc = Ĉ
a
bc, pC
i
ab = −
gˇij
2
{
◦Lcaj gˇcb +
◦Lcbj gˇca
}
,
where eb = ∂/∂y
a, Ωˇajk are computed as in (15) but for the canonical N–
connection Nˇ (5), Ξihjk =
1
2 (δ
i
jδ
h
k − gˇjkgˇ
ih), ±Ξabcd =
1
2(δ
a
c δ
b
d± gˇcdgˇ
ab), ◦Lcaj =
L̂caj − ea(Nˇ
c
j ), gˇik and gˇ
ab are defined for the representation of the met-
ric in Lagrange–Finsler variables (3) and the normal d–connection Γ̂αβγ =
(L̂ijk,
vĈabc) (24) is given by coefficients (25).
Let introduce the distortion d–tensor pZ
γ
αβ with N–adapted coefficients
pZ
a
jk = −Ĉ
i
jbgˇikgˇ
ab −
1
2
Ωˇajk, pZ
i
bk =
1
2
Ωˇcjkgˇcbgˇ
ji − Ξihjk Ĉ
j
hb,
pZ
i
jk = 0, pZ
a
bk =
+Ξabcd
◦Lcbk,p Z
i
kb =
1
2
Ωˇajkgˇcbgˇ
ji +Ξihjk Ĉ
j
hb, (41)
pZ
a
jb = −
−Ξadcb
◦Lcdj , pZ
a
bc = 0,p Z
i
ab = −
gij
2
[
◦Lcaj gˇcb +
◦Lcbj gˇca
]
,
The next result follows from the above arguments.
Proposition 4.2 The N–adapted coefficients, of the normal d–connection
and of the distortion d–tensors define the Levi–Civita connection as
pΓ
γ
αβ = Γ̂
γ
αβ + pZ
γ
αβ, (42)
where pZ
γ
αβ are given by formulas (42) and h– and v–components of Γ̂
α
βγ
are given by (25).
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We emphasize that all components of pΓ
γ
αβ , Γ̂
γ
αβ and pZ
γ
αβ are uniquely
defined by the coefficients of d–metric (1), or (equivalently) by (3) and (5).
The constructions can be obtained for any n + n splitting on V 2n, which
for suitable L, or F , admit a Lagrange, or Finsler, like representation of
geometric objects.
By proposition 4.1, the expressions for the curvature and torsion of
canonical d–operators of the extension of ▽ to Wˇ ⊗Λ, are
z
p R +
zγzϕ
4
θˇγτ pR
τ
ϕαβ(u) eˇ
α ∧ eˇβ, (43)
z
p T +
zγ
2
θˇγτ pT
τ
αβ(u) eˇ
α ∧ eˇβ ≡ 0,
where pT
τ
αβ = 0, by definition, and pR
τ
ϕαβ is computed with respect to
the N–adapted Lagange–Finsler canonical bases by introducing Γ̂γαβ =
− pΓ
γ
αβ + pZ
γ
αβ , see (42), into (31). To the N–adapted d–operator (35), we
can associate
▽̂ (a⊗ λ) +
(
eˇα(a)− u
β
pΓ
γ
αβ
z
eˇα(a)
)
⊗ (eˇα ∧ λ) + a⊗ dλ, (44)
on Wˇ ⊗ Λ, where z eˇα is eˇα redefined in z–variables. This almost sym-
plectic connection ▽̂ is torsionles and, in general, is not adapted to the
N–connection structures.
Corollary 4.1 For the Levi–Civita connection ▽ = { pΓ
α
βγ} on a N–anholo-
nomic manifold V2n, we have:[
▽̂, δˇ
]
= 0 and ▽̂
2
= −
i
v
adWick(
z
p R),
where ▽̂ is defined by formula (44), zp R is given by (43), [·, ·] is the dega–
graded commutator of endomorphisms of Wˇ ⊗ Λ and adWick is defined via
the dega–graded commutator in
(
Wˇ ⊗Λ, ◦
)
.
Proof. It is a straightforward consequence of the Theorem 4.1 for the
Levi–Civita and curvature operators extended on Wˇ ⊗ Λ. 
Prescribing a n+n splitting on V2n, we can work equivalently with any
metric compatible linear connection structure which is N–adapted, or not, if
such a connection is completely defined by the (pseudo) Riemannian metric
structure. It is preferable to use the approach with the normal d–connection
because this way we have both an almost symplectic analogy and Lagrange,
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or Finsler, like interpretation of geometric objects. In standard classical
gravity, in order to solve some physical problems, it is more convenient to
work with the Levi–Civita connection or its spin like representations (for
instance, in the Einstein–Dirac theory). The self–dual and further general-
izations to Ashtekar variables are more convenient, respectively, in canonical
ADN classical and quantum gravity and/or loop quantum gravity.
It should be noted that the formulas for Fedosov’s d–operators and their
properties do not depend in explicit form on generating functions L, or F .
Such a function may be formally introduced for elaborating a Lagrange me-
chanics, or Finsler, modeling for a (pseudo) Riemannian space with a general
n + n nonholonomic splitting. This way, we emphasize that the Fedosov’s
approach is valid for various type of (pseudo) Riemann, Riemann–Cartan,
Lagrange–Finsler, almost Ka¨hler and other types of holonomic and non-
holonic manifolds used for geometrization of mechanical and field models.
Nevertheless, the constructions are performed in a general form and the final
results do not depend on any ”background” structures. We conclude that
3 + 1 fibration approaches are more natural for loop quantum gravity, but
the models with nonholonomic 2+ 2 splitting result in almost Ka¨hler quan-
tum models; althought both types of quantization, loop and deformation,
provide background independent constructions.
5 Deformation Quantization of Einstein and La-
grange Spaces
Formulating a (pseudo) Riemannian geometry in Lagrange–Finsler variables,
we can quantize the metric, frame and linear connection structures following
standard methods for deformation quantization of almost Ka¨hler manifolds.
The goal of this section is to provide the main Fedosov type results for such
constructions and to show how the Einstein manifolds can be encoded into
the topological structure of such quantized nonholonomic spaces.
5.1 Fedosov’s theorems for normal d–connections
The third main result of this work will be stated below by three theorems for
the normal d–connection (equivalently, canonical almost symplectic struc-
ture) D̂ ≡ θD̂ (24). Such results were formulated originally in Fedosov’s
works [5, 6] and generalized, for instance, for various classes of metric com-
patible affine connections, canonical Lagrange–Finsler connections and ef-
fective locally anisotropic quantum gravities, see Refs. [33, 1, 2, 3].
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Theorem 5.1 Any (pseudo) Riemanian metric g (1) (equivalently, g = gˇ
(3)) defines a flat normal Fedosov d–connection
D̂ + − δˇ + D̂−
i
v
adWick(r)
satisfying the condition D̂2 = 0, where the unique element r ∈ Wˇ ⊗ Λ,
dega(r) = 1, δˇ
−1r = 0, solves the equation
δˇr = T̂ + R̂+ D̂r −
i
v
r ◦ r
and this element can be computed recursively with respect to the total degree
Deg as follows:
r(0) = r(1) = 0, r(2) = δˇ−1T̂ , r(3) = δˇ−1
(
R̂+ D̂r(2) −
i
v
r(2) ◦ r(2)
)
,
r(k+3) = δˇ−1
(
D̂r(k+2) −
i
v
k∑
l=0
r(l+2) ◦ r(l+2)
)
, k ≥ 1,
where by a(k) we denoted the Deg–homogeneous component of degree k of
an element a ∈ Wˇ ⊗Λ.
Proof. It follows from straightforward verifications of the property
D̂2 = 0 using for r formal series of type (34) and the formulas for N–
adapted coefficients: (25) for D̂, (29) for T̂ , (31) for R̂, and the properties
of Fedosov’s d–operators (36) stated by Theorem 4.1. The length of this
paper does not allow us to present such a tedious calculation which is a
N–adapted version for corresponding ”hat” operators, see the related work
in [5, 6, 33].
The procedure of deformation quantization is related to the definition
of a star–product which in our approach can be defined canonically as in
[33] because the normal d–connection D̂ is a N–adapted variant of the affine
and almost symplectic connection considered in that work. This provides a
proof for
Theorem 5.2 A star–product on the almost Ka¨hler model of a (pseudo)
Riemannian space in Lagrange–Finsler variables is defined on C∞(V2n)[[v]]
by formula
1f ∗ 2f + σ(τ( 1f)) ◦ σ(τ( 2f)),
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where the projection σ : WˇD̂ → C
∞(V2n)[[v]] onto the part of degs–degree
zero is a bijection and the inverse map τ : C∞(V2n)[[v]] → WˇD̂ can be
calculated recursively w.r..t the total degree Deg,
τ(f)(0) = f and, for k ≥ 0,
τ(f)(k+1) = δˇ−1
(
D̂τ(f)(k) −
i
v
k∑
l=0
adWick(r
(l+2))(τ(f)(k−l))
)
.
We denote by f ξ the Hamiltonian vector field corresponding to a func-
tion f ∈ C∞(V2n) on space (V2n, θˇ) and consider the antisymmetric part
−C( 1f, 2f) + 12
(
C( 1f, 2f)− C( 2f, 1f)
)
of bilinear operator C( 1f, 2f).
We say that a star–product (32) is normalized if 1C(
1f, 2f) = i2{
1f, 2f},
where {·, ·} is the Poisson bracket. For the normalized ∗, the bilinear op-
erator −2 C defines a de Rham–Chevalley 2–cocycle, when there is a unique
closed 2–form κˇ such that
2C(
1f, 2f) =
1
2
κˇ( f1ξ, f2ξ) (45)
for all 1f, 2f ∈ C∞(V2n). This is used to introduce c0(∗) + [κˇ] as the
equivalence class.
A straightforward computation of 2C from (45) and the results of The-
orem 5.2 provide the proof of
Lemma 5.1 The unique 2–form defined by the normal d–connection can be
computed as
κˇ = −
i
8
Jˇ α
′
τ R̂
τ
α′ −
i
6
d
(
Jˇ α
′
τ T̂
τ
α′β eˇ
β
)
,
where the coefficients of the curvature and torsion 2–forms of the normal
d–connection 1–form are given respectively by formulas (30) and (28).
We now define another canonical class εˇ, for NˇTV2n = hV2n ⊕ vV2n,
where the left label indicates that the tangent bundle is split nonholonomi-
cally by the canonical N–connection structure Nˇ. We can perform a distin-
guished complexification of such second order tangent bundles in the form
TC
(
NˇTV2n
)
= TC
(
hV2n
)
⊕TC
(
vV2n
)
and introduce εˇ as the first Chern
class of the distributions T ′
C
(
NTV2n
)
= T ′
C
(
hV2n
)
⊕T ′
C
(
vV2n
)
of couples
of vectors of type (1, 0) both for the h– and v–parts. In explicit form, we
can calculate εˇ by using the d–connection D̂ and the h- and v–projections
hΠ = 12(Idh− iJh) and vΠ =
1
2(Idv− iJv), where Idh and Idv are respective
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identity operators and Jh and Jv are almost complex operators, which are
projection operators onto corresponding (1, 0)–subspaces. Introducing the
matrix (hΠ, vΠ) R̂ (hΠ, vΠ)T , where (...)T means transposition, as the cur-
vature matrix of the N–adapted restriction of of the normal d–connection D̂
to T ′
C
(
NˇTV2n
)
, we compute the closed Chern–Weyl form
γˇ = −iT r
[
(hΠ, vΠ) R̂ (hΠ, vΠ)T
]
= −iT r
[
(hΠ, vΠ) R̂
]
= −
1
4
Jˇ α
′
τ R̂
τ
α′ .
(46)
We get that the canonical class is εˇ + [γˇ], which proves the
Theorem 5.3 The zero–degree cohomology coefficient c0(∗) for the almost
Ka¨hler model of a (pseudo) Riemannian space defined by d–tensor g (1)
(equivalently, by gˇ (3)) is computed c0(∗) = −(1/2i) εˇ.
The coefficient c0(∗) can be similarly computed for the case when a
metric of type (1) is a solution of the Einstein equations and this zero–
degree coefficient defines certain quantum properties of the gravitational
field. A more rich geometric structure should be considered if we define a
value similar to c0(∗) encoding the information about Einstein manifolds
deformed into corresponding quantum configurations.
5.2 The zero–degree cohomology coefficient for Einstein ma-
nifolds
The priority of deformation quantization is that we can elaborate quantiza-
tion schemes when metric, vielbein and connection fields are not obligatory
subjected to satisfy certain field equations and/or derived by a variational
procedure. For instance, such geometric and/or BRST quantization ap-
proaches were proposed in Ref. [36, 37]. On the other hand, in certain
canonical and loop quantization models, the gravitational field equations
are considered as the starting point for deriving a quantization formalism.
In such cases, the Einstein equations are expressed into ”lapse” and ”shift”
(and/or generalized Ashtekar) variables and the quantum variant of the
gravitational field equations is prescribed to be in the form of Wheeler De
Witt equations (or corresponding systems of constraints in complex/real
generalized connection and dreibein variables). In this section, we analyze
the problem of encoding the Einstein equations into a geometric formalism
of nonholonomic deformation quantization.
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5.2.1 Gravitational field equations
For any d–connection D = {Γ}, we can define the Ricci tensor Ric(D) =
{R βγ + R
α
βγα} and the scalar curvature
sR + gαβRαβ (g
αβ being the
inverse matrix to gαβ (1)). If a d–connection is uniquely determined by a
metric in a unique metric compatible form, Dg = 0, (in general, the torsion
of D is not zero, but induced canonically by the coefficients of g), we can
postulate in straightforward form the field equations
R
α
β −
1
2
( sR+ λ)e
α
β = 8πGT
α
β , (47)
where T
α
β is the effective energy–momentum tensor, λ is the cosmological
constant, G is the Newton constant in the units when the light velocity
c = 1, and e β = e
α
β∂/∂u
α is the N–elongated operator (11).
Let us consider the absolute antisymmetric tensor ǫαβγδ and effective
source 3–form
T β = T
α
β ǫαβγδdu
β ∧ duγ ∧ duδ
and express the curvature tensorRτγ = R
τ
γαβ e
α∧ eβ of Γαβγ = pΓ
α
βγ− Z
α
βγ
as Rτγ = pR
τ
γ − Z
τ
γ , where pR
τ
γ = pR
τ
γαβ e
α ∧ eβ is the curvature 2–
form of the Levi–Civita connection ∇ and the distortion of curvature 2–form
Zτγ is defined by Z
α
βγ . For the gravitational (e,Γ) and matter φ fields, we
consider the effective action
S[e,Γ, φ] = grS[e,Γ] + matterS[e,Γ, φ].
Theorem 5.4 The equations (47) can be represented as 3–form equations
ǫαβγτ
(
eα ∧Rβγ + λeα ∧ eβ ∧ eγ
)
= 8πGT τ (48)
following from the action by varying the components of e β , when
T τ =
mT τ +
ZT τ ,
mT τ =
mTατ ǫαβγδdu
β ∧ duγ ∧ duδ ,
ZT τ = (8πG)
−1Zατ ǫαβγδdu
β ∧ duγ ∧ duδ,
where mT
α
τ = δ matterS/δe τα are equivalent to the usual Einstein equations
for the Levi–Civita connection ∇,
pR
α
β −
1
2
( sp R+ λ)e
α
β = 8πG
mT
α
β.
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Proof. It is a usual textbook and/or differential form calculus (see, for
instance, [16, 9]), but with respect to N–adapted bases (11) and (12) for a
metric compatible d–connection (47). 
As a particular case, for the Einstein gravity in Lagrange–Finsler vari-
ables, we obtain:
Corollary 5.1 The vacuum Einstein equations, with cosmological constant
in terms of the canonical N–adapted vierbeins and normal d–connection, are
ǫαβγτ
(
eˇα ∧ R̂βγ + λeˇα ∧ eˇβ ∧ eˇγ
)
= 8πG Z T̂ τ , (49)
or, in terms of the Levi–Civita connection
ǫαβγτ
(
eˇα ∧ pR
βγ + λeˇα ∧ eˇβ ∧ eˇγ
)
= 0.
Proof. The conditions of the mentioned Theorem 5.4 are redefined for
the co–frames eˇα elongated by the canonical N–connection (5), deformation
of linear connections (42) and curvature (31) with deformation of curvature
2–form of type
R̂τγ = pR
τ
γ − Ẑ
τ
γ . (50)
We put ”hat” on Z T̂ τ because this value is computed using the normal
d–connection. 
Using formulas (49) and (50), we can write
R̂βγ = −λeˇβ ∧ eˇγ − Ẑβγ and pR
βγ = −λeˇβ ∧ eˇγ . (51)
Such formulas are necessary for encoding the vacuum field equations into
the cohomological structure of quantum almost Ka¨hler model of Einstein
gravity.
5.2.2 The Chern–Weyl form and Einstein equations
Introducing the formulas (49) and (51) into the conditions of Lemma 5.1
and Theorem 5.3, we obtain the forth main result in this work:
Theorem 5.5 The zero–degree cohomology coefficient c0(∗) for the almost
Ka¨hler model of an Einstein space defined by a d–tensor g (1) (equivalently,
by gˇ (3)) as a solution of (49) is c0(∗) = −(1/2i) εˇ, for εˇ + [γˇ], where
γˇ =
1
4
Jˇτα
(
−λeˇτ ∧ eˇα + Ẑτα
)
. (52)
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Proof. We sketch the key points of the proof which follows from (46)
and (51). It should be noted that for λ = 0 the 2–form Ẑτα is defined by
the deformation d–tensor from the Levi–Civita connection to the normal
d–connection (42), see formulas (41). Such objects are defined by classical
vacuum solutions of the Einstein equations. We conclude that c0(∗) encodes
the vacuum Einstein configurations, in general, with nontrivial constants
and their quantum deformations. 
If the Wheeler De Witt equations represent a quantum version of the
Einstein equations for loop quantum gravity (see discussions in Refs. [9, 10,
11]), the Chern–Weyl 2–form (52) can be used to define the quantum version
of Einstein equations (48) in the deformation quantization approach:
Corollary 5.2 In Lagrange–Finsler variables, the quantum field equations
corresponding to Einstein’s general relativity are
eˇα ∧ γˇ = ǫαβγτ2πGJˇβγ T̂ τ −
λ
4
Jˇβγ eˇ
α ∧ eˇβ ∧ eˇγ . (53)
Proof. Multiplying eˇα∧ to (52) written in Lagrange–Finsler variables
and taking into account (48), re–written also in the form adapted to the
canonical N–connection, and introducing the almost complex operator Jˇβγ ,
we get the almost symplectic form of Einstein’s equations (53). 
It should be noted that even in the vacuum case, when λ = 0, the 2–form
γˇ (52) from (53) is not zero but defined by T̂ τ =
Z T̂ τ .
Finally, we emphasize that an explicit computation of γˇ for nontrivial
matter fields has yet to be performed for a deformation quantization model
in which interacting gravitational and matter fields are geometrized in terms
of an almost Ka¨hler model defined for spinor and fiber bundles on spacetime.
This is a subject for further investigations.
6 Conclusions and Discussion
So far we have dealt with the deformation quantization of general relativity
in Lagrange–Finsler variables, inducing a nonholonomic 2+2 splitting, as a
geometric alternative to the 3+1 setting to loop quantum gravity. In our
approach, the methods of geometric mechanics and Finsler geometry are
canonically combined in order to convert general relativity into an almost
Ka¨hler structure for which a well defined formalism of geometric quantiza-
tion exists. The formalism is elaborated in a background independent and
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nonperturbative form, for Lortentzian gravitational fields on four dimen-
sional manifolds, with possible extensions to extra dimensions.
There are many physical interesting formulations of gravity theories in
differential form, with tetrad, spinor and different connection variables. For
instance, the 3+1 splitting and Ashtekar variables resulted in a similarity
with Yang Mills theory and allowed us to simplify the constraints and pro-
vide consistent loop quantum gravity formulations. In order to construct
almost Ka¨hler models of classical and quantum gravity, it is more conve-
nient to use a 2+2 splitting with prescribed nonholonomic frame structures
when the metric and linear connection transform into canonical symplectic
forms and connections. The main advantage of this approach is that we do
not have to solve constraint equations and can apply directly the methods
of deformation quantization. We can work both with tetrad and connec-
tion variables, and the methods can be generalized for Lagrange and Finsler
spaces, almost Ka¨hler and almost Poisson structures, nonsymmetric metrics
and noncommutative geometries.
The facts that Einstein’s theory is diffeomorphic invariant and preserves
local Lorentz invariance are crucial features at the classical level and pro-
vide strong motivations to preserve such symmetries at the quantum level.
We emphasize here that by prescribing a distribution by defining a non-
holonomic frame structure with associated nonlinear connection on a (semi)
Riemannian manifold, we do not break general covariance. We chose to work
with a class of frame transforms that did not affect the general properties
of classical and quantum gravity theories. In general, all constructions can
be re–defined for arbitrary frames and coordinate systems.
Let us outline the main results (four) of this paper. The first one is pro-
vided by Theorem 2.1, stating that any (pseudo) Riemannian space can be
described equivalently in terms of effective Lagrange (or Finsler) variables.
This allows us to prove the second main result formulated in Theorem 3.1:
Having chosen a generating Lagrange (Finsler) function L(x, y) (or F(x, y))
on a (pseudo) Riemannian manifold, we can model this space as an almost
Ka¨hler geometry. Conventionally, the third main result is split into three
(Theorems 5.1, 5.2 and 5.3) Fedosov’s theorems for the normal distinguished
connection in general relativity and its deformation quantization. We have
introduced the normal Fedosov’s distinguished operators, constructed the
star product and computed the zero–degree cohomology coefficient for the
almost Ka¨hler models of (pseudo) Riemannian and Einstein spaces. The
fourth result is given by Theorem 5.5, which states that a corresponding
zero–degree cohomology coefficient also encodes the information about so-
lutions of Einstein equations. This allows us to introduce, in Lagrange–
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Finsler variables and using a related Chern–Cartan form, the quantum field
equations corresponding to the classical gravitational equations in general
relativity.
In this paper, we only concluded the first steps [1, 2, 3, 32] towards a
consistent deformation quantization of gravity using the nonlinear connec-
tion formalism and the methods of Lagrange–Finsler geometry in Einstein
gravity and generalizations. Many details of more complete constructions
are still lacking. For example, we provided only the transformations suitable
to implement deformation quantization methods but we have not discussed
a de–quantization procedure and relevance to the semiclassical limit of such
gravitational models. There are many unsolved problems pertaining canon-
ical and quantum loop quantizations. It is very likely that non–holonomic
geometry quantization methods of gravity and its relation to loop gravity,
canonical and perturbative approaches, noncommutative generalizations and
applications to modern cosmology and gravity physics will play an important
role in future investigations.
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